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Abstract — We show that symmetric set difference
and Euclidian distance have particular [0—1] normalized
forms that remain metrics.

The first of these |AAB|/|AUB]| is easily established
and generalizes to measure spaces.

The second applies to vectors in R” and is given by
[|X=Y|/(|X[|+]]Y]]). That this is a metric is more diffi-
cult to demonstrate and is true for Euclidian distance
(the L; norm) but for no other integral Minkowski
metric. The short and elegant proof we give is due
to David Robbins and Marshall Buck [1].

‘We also explore a number of variations.
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I. INTRODUCTION

he notion of Metric Space [2], is a cornerstone of
mathematical topology and analysis, and is often
employed in pattern recognition and clustering systems.

Definition 1 Let X be a set and d a non-negative real
valued function on X x X satisfying for a,b,c € X:

d(b,a)
. d(a,b) i a b
d(b,c) d(a,c)

en (X,d) is a etric s ace.
to be a distance function and i

lternatively d is said
ose a etric on X.

he third item in this de nition is usually referred to
as the triangle ine wality. It is orth hile noting that
not all approaches to pattern recognition and clustering
impose this re uirement. he term s¢ ilarity easure or
dissi ilarity easure, or some ariation thereof, is then
used to descri e the comparison function.
o ell no ne amples of metric spaces are uclid
ian space ith

ac ) ( )

and the symmetric di erence metric on mem ers of |
the set consisting of all nite sets

aC,) ¢ ) )

d( , ) is of course geometrical lengt ,and d ( , )
simply counts the num er of elements on hich  and
disagree.

oth of these metrics are in general un ounded, and
their alue is independent of the si eof and .Ie. t o
ery large sets that ha e three points of disagreement,
are ust as distant underd ast o erysmall sets hich
alsodi er y threeelements. In uclidian space, alues
, and , are ust as distant as and 2.
ence e may in a sense ie dand d as measures
of absolute distance or di erence. d isseen to e insen
siti e to hile d does not independently consider
and hen measuring distance.

It is therefore natural to consider forming relative dis
tance measures for these underlying spaces, since such
measures may e more e ecti e in the solution of cer
tain pro lems. ertainly the notion of relati e error is
an important one in numerical analysis. or sets, and

uclidian space, si e might naturally e ta en to mean
cardinality, and norm respecti ely. hus e are inter
ested in set metrics hich measure relative to the empty
set, and in an alternati e to the uclidian distance met
ric hich measures relative to the origin.

ith no domain assumptions, d and d are un
ounded. his may create algorithmic di culty (or at a
minimum incon enience). hus con erting these metrics
to ounded forms may sometimes e useful.
he simplest ay in general to e ect a ound is to
compose the metric ith another function hich acts
as a range co ander such that the com ination still
satis es de nition ne ell no ne ample of such a
function that ounds any metric to [ , ]is

i, )
S S

here are many such formulas for ounding metrics.
It may for e ample e sho n that the sum of metrics
is a metric, and eyond this that a metric results from

d( 7

composition ith any continuous, di erentia le, strictly
increasing function such that () ,and is non
increasing.

Since ho e er any such method depends only on the
alued( , ), the ounded form ill inherit the a solute
or relati e eha ior of its un ounded parent.




hese metric co  anding methods are in contrast to
nor ali ation to hich eno turn.

In the sections that follo e ill introduce the metric
d dened yd (, ) and also metric d
de ned yd( , ) ( ).

In contrast to the absolute eha ior of d and d these
functions udge distance ith consideration to the rela
ti e location of the origin and empty set respecti ely.

hat they are in fact metrics is not o ious and a con
sidera le portion of this paper is de oted to the re uired
proofs.
e ill also present a num er of alternati e forms in
cluding mi ed metrics that com ine a solute and relati e
eha ior.

II. oOr 1 D TRIC I R NC

o normali e the symmetric di erence metric e choose
to di ide its alue y the si e of the union of its argu
ments. More formally e ha e

Definition Let bet e set consisting of all nite sets
e de ne functiond on x  by:

i () A ()
ot er ise

e ould point out here that not e ery reasona le

attempt at normali ation results in a metric. i iding

instead y , an altogether sensi le thing to do,

fails to satisfy the triangle ine uality. his may e seen

y letting , , ,and . he
and distances are then oth hile the distance
is .
hile it is clear that this function is ounded y[ , ],
and that its eha ior is more relative in that il
a ect its alue, it must e demonstrated that d is in
fact a metric.
eoe 1 ( ,d )isa etrics ace.
roof: e must sho that for all nite sets , , and
, the follo ing are true
d (,)
i)d (, ) d (,)
i)d (,) 4 (,) d (,)
eha ei ecause only hen

he second re uirement # is clear from the commuti ity
of asic set operations.

Ttem i , the triangle ine wality, re uires more or .

sing , e must sho

—

It is easy to erify that this is true if ,

, Or , S0 e restrict our attention to

the case in  hich none of the denominators in 2 is
ero.

o the union of sets , , and

(see gure ) into se en dis oint su sets

, may e partitioned
hose orders e

denote

a ( )

b ( )

c ( )
ab ( ) ( )
be (
ac ( ) ( )

abe
A
B C

igure artitioning

or later con enience e also de ne ab ac be

abe.
ith these de nitions, 2 ecomes ith some sim
pli cation
ab abc bc abe ac abc 0)
a b b ¢ a ¢

0 o ser e that b may e remo ed ithout loss of
generality from the left denominator, since its remo al
can only increase that side. It ill then su ce to sho

that
ab abc bc abc ac abc
a c a c
o replacing ith and adding fractions, e
arri e at
(¢ )ab abc) (a )(bc abc)
()
(@ ) )
(ac  abc) (a ¢ ) 0)



he denominator of is e ual to the denominator
in plus ac, and is therefore no smaller.
It therefore su ces to sho the that the ine uality is
true for the numerators alone, i.e. that

(¢ )ab abe) (a

(ac

)(be  abe)
abe) (a ¢ )

Starting from the left side of this ine uality e ha e

(¢ )ab abc) (a )(bc abc)
c (ab abc) a (be  abc)
c (ab bc abc abc) a
c abc a
(ac abe) (a ¢ )
and e are done.

ur arguments for sets in  generali e easily to mea
sure spaces[ , ]. he case of nite non ero measures
is straightfor ard since these correspond ell ith nite
sets and our earlier arguments.

o see this, remem er that forany , , € , e
earlier e pressed the triangle ine uality in terms of the
orders of their natural decomposition into se en dis oint
parts. ur proof of theorem may then e ie ed as
esta lishing the truth of an ine uality in these se en in
dependent aria les an ine uality that holds for any
assignment of nite non negati e alues su ect only
to the restriction that the denominators may not an
ish. he same decomposition applies if , , €

ith the ine uality relating measure instead of set or
der, thus moti ating the connection et een d and
measure spaces.

s a practical matter the nite setting is the most
important case. o e er the generali atione tends fully
to measures hich assume alue ,and e ill ta e
the time to sho this.

or elements of nite non ero measure, de nition of
our metric ill correspond to simple generali ation of
the notion of set order, to that of measure. or elements
in general, se eral cases are necessary to patch together
a de nition. hile these special cases manage to de ne
the metric for all mem ers of the space, only the simplest
discrete distance notion applies to elements ith ero or
in nite measure.

Definition Let (X, , ) be a easure s ace
and , € e de ne function d on X by:
— ) ( )

2 )

d(, ) 2 )

2 )

2 )
()

e no state the corollary

oo 1( ,d)isa etrics ace.
roof:  erything ut the triangle ine uality follo sim

mediately from the de nition.

ote rst that if d ( , ) or either one of
d(, ),d( , )isone, then the triangle ine uality
is tri ially esta lished. So in particular the ine uality is
satis ed if .

urther o ser ethatif ( )or ( )isin niteor ero,
then d ( , ) i , and one other ise. Le.
the de nition reduces to a simple e uality test for these
cases.

ith these points in mind

(), (), ()are nite ithnot o ero In
terpreting set order  instead as measure (), the
denominators of 2 are all non ero and our proof

e distinguish three cases

of theorem applies.

2. (), (), ( )are niteandatleastt oare ero
It () () and ,thend ( , )
n the other hand implies or
so that either d ( , ) ord (, )
ther ise e may assume ithout loss of general
ity that () () . ere implies
d(,) and if ,thend (, )
unless
t least one of (), ( ), ( ) is in nite If
() then d (, ) ood(, )
unless

ther ise e may assume ithout loss of generality
that () ut then d ( , ) unless
,in hichcase ( ) a situation co ered

y the preceding argument.

roceeding further e can de elop a slightly more gen

eral form for d . onsider some , , € and their

associated decomposition. o for some , adding

2 to each of a, b, and ¢, lea es them non negati e and
the ine uality therefore alid.

his may e thought of ase tending eachof , and

, yane region hich does not intersect the others.

uation then ecomes

ab abc be abe ac abc 0)
a b b ¢ a c
his all moti ates
Definition Let (X, , ) be a easure s ace
and , € e de ne functiond on X by:
s ) ( )
CC)
d (,) s )
s )
= )
()
for



nd from our discussion a o e it follo s that

oo ( ,d )isa etric s ace.
hus e see that the d discontinuity hen
may e eliminated y biasing the denominator term
unction d is ust d , and as , the
eha ior of d approaches that of simple symmetric dif
ference.

In a later section e ill present se eral e amples of
metrics that arise from the results a o e. efore doing so
ho e er, e turn our attention ac to uclidian space
and our goal of esta lishing a normali ed metric there.

II1. OR I D UCIDI N TRIC

In this section e ill demonstrate that uclidian dis
tance normali ed y com ined norm, de nes an alterna
ti eand [ , | ounded metric on R .

Definition Let (R ,d) denote wuclidian -s ace

e nor and corres onding standard distance
function . en t e follo ing 1 bounded func-
tion d of any t o vectors X, is de ned to be t e

or ali ed wuclidian istance bet een X and

X or

d (X, ) | ()
ot er ise

hat this de nition is in fact a metric ill later e

stated as a theorem. Its proof ill re uire a series of
emmas hich uild insight into the function.

Itis orth hile noting that in R , an easy proof e ists
and that a ery similar R metric (a special case of our
de nition ), is employed in [ ].

e ould also o ser e that this de nition fails to gen
erate a metric if the norm is su stituted. or if

(,) (, ), and (, ), the triangle in
e uality does not hold. he norm also fails consider
(, ) (2, ), and (, ). orthise am
ple, and the norm, the triangle ine uality ecomes
2 2
2 2 2

his fails for 2. herefore, e ha e that our de
nition does not generate a metric for any of the integral
Min o s i metrics here 2.

ur to e pro en positi e result for
much more interesting.

is thus that

eo e (R ,d ) is a etric s ace.
roof:
et , , e four distinct points in uclidean
space. hen

proof et a, b, c, ,
, . hen e need to pro e that

a b c Y(ab bc ac)

otethat eha e y the triangle ine uality

and a b ¢ y tolemy s ine uality. e may
suppose that a c.
ase b a. hen ehae
a b ¢ )a
and the theorem follo s immediately.
ase2 a b ¢ hen ehae
a b ¢ )(ac) ()
(@ (a b ¢ @ a)b o ()

from hich the result follo s immediately as ell.
ase ¢ b ser e that the theorem is true for

four points , , , if and only if it is true for = and

thepoints , , o tained yin erting , and in

the sphere of radius centered at . ( ecall that and

are on the same ray from and satisfy .

he ey fact that is needed is ( ).)
his reduces case to case

If eno la el the origin as , e may re state the

theorem as a corollary in purely geometrical terms

oo Let , , , be four oints in uclid-
ian  ace and ab, ac,ad,bc,bd,cd denote t eir inter oint
seg ent lengt s. en:

(bd cd)(ad cd)ab (ad bd)(ad ecd)be
(ad  bd)(bd cd)ac
So despite a singularity at the origin, d imposes a

metric on R . his amounts to a fully relative distance
measure hich clearly cannot ell cope ith ero. y
contrast, standard uclidian distance may e ie ed as
a fully absolute distance measure. It is easy to imagine
a continuum of intermediate metrics hich are artially
relative.

urthermore, some applications, hile re uiring a

modicum of relative eha ior, may also re uire etter
eha ior at the origin than d pro ides.
11 of this moti ates the follo ing de nition
Definition Let (R ,d) denote wuclidian -s ace.
en for wvalues it or

te follo ing [, | bounded function
d of any t o wvectors X, is de ned to be t e
- or ali ed wuclidian istance bet een X and

X or

d X,
( ) ot er ise



istance of de nition cor
responds to , ote that the de nition s
special condition at X is only re uired hen
, for hen , the denominator cannot anish.
he case , merely corresponds to standard u
clidian distance scaled y
In et een theset o e tremes lies a family of hy rid
functions that com ine the relati e eha ior of d  ith
the a solute eha ior of d.
o esta lish that (R ,d ) is in general a metric
space, e illre uire one lemma concerning the eha ior
of uasi uadrilateralsin R .

he ormali ed uclidian

e 1 Let , , , be any four oints in R
ten it res ect tot e si inter oint seg ent lengt s:
ab,ac,ad,be,bd,cd t e follo ing is true:

ab ed be ad bd ac

.e. tesu ofte roduct of t e lengt s of o osite
sides of an arbitrary wadrilateral ismnos allert ant e
roduct of its diagonals.

roof: e ha eonly to argue that e may reduce setting
to R since there, the lemma is recogni ed as a standard
theorem of in ersi e geometry ([ ] heorem . 2) a
direct generali ation of tolemy s theorem.

Since any four points may eem eddedin R , e may
assume our setting is at most this.
ithin R , choose coordinates so that , , lie on

the X plane, and
and .
o translate so that is the origin.

urther choose rotation and orientation so that line

is located a o e (or on) it. ILe.

is parallel to and a o ethe a is ith left of
Le. and .
o consider spheres ( ,ab) and ( ,bc). hein

tersection of these spheres is a circle perpendicular to the
plane and parallel to the a is, ha ing center along

ny choice for  along on this circle it ill lea e e
erything unchanged in our ine uality ut for bd.
otice that the point on this circle farthest from the

origin, is ust its intersection ith the plane.
enoting this point and relocating there, in
creases bd and and the ine uality s right side, hile lea

ing the left unchanged.
hus it is clear that the ine uality is true for points

, » , inR i itistruefor , , , inR.
e are no ready to esta lish that d  is a metric

oo (R ,d )isa etrics ace.

roof: he rst and second metric conditions are
straightfor ard. e therefore turn to the triangle in
e uality.

If , then y de nition and d  is nothing
more than scaled wuclidian distance. If , then

y de nition and d is ust scaled normali ed

uclidian distance.

So the only interesting case is that in hich |

ere, e may assume ithout loss of generality that
since other cases may e reduced to this one y
multiplying each term in the triangle ine uality y and
then reducing.
o de ning for con enience a ,b ,C
, it remains for us to sho that
., ) a , ) al , )

o forming a common denominator, discarding it,

and then rearranging, e ha e
a , ) ()
a , ) ac , )
[ ac , )l it , )l
ac , )
a , )
[ a( , )]
eno separately consider matched lines from either

side of this e pression. It turns out that the ine uality
holds for each such pairing, thus esta lishing the o erall
ine uality. he ine uality for the rst line is ust scaled
ordinary uclidian distance. hen, letting  denote the
origin, the ine uality holds for the second line due to
corollary , and for the third due to lemma

I . T RN TI OR ND INT R R T TION

ssociation and ore about inite ets

o illustrate the ide ariety of metrics that can e con
structed ith our earlier results, e start y returning
to metrics on

e rst o ser e that nite sets may e regarded as
inary ectorsin uclidian space. ith this o ser ation
theorem 2 gi es us that the follo ing is a metric

i (,) — ()

other ise

It is interesting to note that ithout the s uare root
operations, this de nition corresponds to normali ation
ofd y , hich as earlier sho nnotto ea
metric.

gain thin ing of sets as inary ectors or aria les,

metric d  is recogni ed as a ell no n measure of
association referred to as the accard coe cient [ ], or
-coe cient
b ¢
a b c

here a, b, ¢, d refer to the standard entries ina 2 y
2 contingency (or association) ta le for inary aria les.




his ery asic comparison function may e e pressed
in many forms.  pressing essentially the same thing as
a similarity measure corresponds to the animoto oef
cient, [ ], operating on inary ectors

In the language of computer programming this is ust

the count of s in the e clusi e or of it ectors and
,di ided y the count of s in their logical or.
In [ ], the measure is referred to as association.  hile

the authors do not state that these arious forms fail to
satisfy the triangle ine uality, they descri e them along
ith other non metric measures.
ther sources such as [ ]| mention e plicitly the set
function d , ut again fail to note that it satis es the
triangle ine uality.

t er tatistical easures

he ray- wurtis measure| |,is ritten

and is recogni ed as our d  ut under the norm.
0 e ha e seen that this does not form a metric, ut
since d is a metric e may rite

ith the no ledge that this does form a metric.
Iso in [ ], the reader ill recogni e the anberra
etricasd in R ,ma ingd a considera le generali a
tion of this apparently ell no n metric.

ositive -tu les

In familiar settings such as R and R , ith measure
de ned as length area  olume, the metric d cor
responds to the amount of non common length area
olume, normali ed vy the total length area olume.
ere are some e amples of metrics deri ed from corol
lary , that are de ned for tuples of non negati e al
ues. or re ityssa e, e ill notsho the case
for hich any metric must e aluate to ero.

hin ing of our
e may rite

tuple as a histogram in the plane,

his may e ie ed as a re aired ray urtis mea
surein that ma ( , ) min( , ).
Le. the denominator has an e tra term hich suf
ces to form a metric.

2. e may ta e the direct product of metric spaces,
and com ine metrics y any linear com ination ith

the result still a metric. hus e ha e in particular
that

min( , )

ma ( , ) ma ( , )

hich resem les some hat our rste ample ut e
ha es uite di erently.

. Imaginingno that our ectors represent the dimen

sions of an  dimensional solid o ect rooted at the
origin, and de ning measure as olume, e ha e
min( , )
ma ( ma (, )

n e ample in hich a single component greatly
in uences the resulting alue.

unction  aces

o corollary may also e applied to function spaces.

et [, ] denote the space of non negati e continuous
functionson [, ]. ien , € [, ], the metric de
ned y
min( (), ())d O ()d
ma ( (), ())d ma ( (), ())d
may e thought of as an e tension of our rst pos
iti e  tuple metric a o e, as , or in a
e esgue Measure Space conte t.
tending our second tuple metric to iemann in
tegra le functions allo s us to rite
min( (), (), O Oy
ma ( (), ()) ma ( (), ())

ote that in some cases, and ith the proper assump
tions, the continuity and range of integration assump
tions made a o0 e may e rela ed.

o forthesa eof re ity, eha efocused mainly on
e amples using d d . Similar constructions apply to

d for oth tuples and function spaces.
e o le lane
It is orth hile noting (ho e er o ious) that d may

also e ie ed as an alternate metric for the comple
plane ith norm corresponding to comple a solute
alue.

u erical nalysis

e close this section y commenting that d used as
a measure of relati e error in numerical analysis, may
pro einteresting. i enase uence X ,X , ofappro
imate solutions, e might de ne (, ) d (X,X)
and the triangle ine uality ould then gi e us that

() G )



ONC UDIN R

e ha e de eloped normali ed forms for t o important
metrics and sho neachto e anendpoint of a continuum
of metric functions ranging to the original unnormali ed
forms.

In a com inatorial setting, d may e ie ed as a
prototype for constructing a normali ed ounded metric
for many applications for e ery in ection of a pattern
space into  induces a metric on the original pattern
space.

urthermore, e aluating this metric is possi le gi en
only and the indi idual orders , and since

In practice, these alues may sometimes e directly
computed ithout e plicitly forming in ecti e images in
set space. In [ 2] a  SIchip is descri ed hich in com
putes these three orders for a particular mapping of
nite sym ol strings into , and com ines them to de ne
a measure of string similarity.

In more wuclidian settings, the family d may e
used here normali ed eha ior is re uired and the met
ric triangle ine uality is of alue, e.g. in nding near
est neigh ors, or hen ounding se uential sums of dis
tances.

eyond the e istence and asic properties esta lished
in this paper, one may e amine a num er of topics in
cluding the notion of colinearity in these normali ed
spaces, the nature of the geodesics corresponding to d
and uestions of statistical eha ior.
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