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Abstract

Hidden Markov models (HMMs) and other time series models assign probabil-
ities to long sequences of events. Avoiding underflow is arguably the central
difficulty in calculating the probability of such sequences. This technical report
presents an elegant and efficient C library for representing and manipulating
probability values without underflow. Use of the library results in simpler code
whose execution time compares favorably with traditional numerical methods.
Thus, the library provides a strong foundation on which to build large stochastic
modeling systems. Our abstraction also suggests a natural extension of the IEEE
754 floating point standard, to better support statistical computation. Source
code for the library is freely available at cs.princeton.edu:/pub/packages/pr.tar.gz
via anonymous ftp.

'Thanks to Andrew Appel and David Hanson for their help. This report was type-
set in LaTeX using the NoWeb literate programming language (Norman Ramsey, nor-
man@bellcore.com). The second author is supported by a Young Investigator Award
IRI- from the National cience oundation. The probability value library was
designed, implemented and documented in all
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The module provides an abstraction for probability values. An ob ect of
type represents a real number in the closed interval 1. The principal
bene t of using this abstraction is to avoid underflow in time series modeling.
In these settings, one computes and manipulates probabilities of long state se-
quences. One quickly reaches the exponent range limit of representation,
as this is typically only . Use of the data type instead of traditional
numerical methods results in simpler code and competitive execution times.

There are two traditional ways of dealing with underflow in statistical compu-
tation: scaling and logarithmic representation. The approach keeps the
probability values from underflowing by maintaining a scaling factor for each
time step. This scaling factor is typically the smallest multiplier required to
keep the largest probability value at unity. Calculating the scaling factor and
applying it to the vector of probability values requires two to three times the
execution time of simple operations. More signi cantly, scaling is dif-

cult to implement and even more difficult to validate. It is also inherently
nonmodular.

In the approach, probabilities are represented by
their logarithms. Multiplication of probabilities is fast because it requires a
single xed point addition, but addition of probabilities is extremely slow be-
cause it requires two exponentiations, one floating point addition, and a loga-
rithm operation. or example, a straightforward implementation of addition in
the logarithmic approach is more than fty times slower than standard float-
ing point addition. The excessive cost of addition is often avoided by complex
table look-up schemes 1. These table lookup schemes have limited precision
and they place a signi cant additional burden on the memory system. In order
to achieve comparable precision, the logarithmic representation must be imple-
mented with a large lookup table that is unlikely to t in primary cache. As a
result, the computation will be dominated by the high cost of cache misses. The
logarithmic method is of less interest today because high-speed floating point
operations are widely available.

The library is a direct and elegant solution to the large exponent range
problem. All work necessary to support a sufficiently large exponent range is
swept into the routines associated with the type. As a result, statisti-
cal applications are signi cantly easier to write and maintain, while the over-
all time/space penalty compares favorably with traditional numerical methods.
Our current implementation of type requires 1.5 times as much space as
a double precision floating point number while our arithmetic operations take
roughly ten times longer than the standard floating point add/multiply. Thus,
our approach is both faster and simpler than the logarithmic approach and
considerably easier to use than the scaling approach.



The sole contribution of this work is its utility. e have used the library
to implement a wide range of statistical models, including hidden Markov mod-
els, nite growth models, and a bevy of statistical language models. iven the
difficulty of establishing the correctness of learning algorithms such as expec-
tation maximization (EM) 2 and aum- elch reestimation , 4 in complex
settings with many thousands of states, a sparse transition graph, and millions
of observations, we were glad to trade a modest amount of performance for
demonstrable correctness and a signi cant reduction in coding complexity.

e have also used the library to more e ectively teach statistical pattern

recognition methods to undergraduate computer science students. Using the

library, the students in our undergraduate pattern recognition class were

able to implement semi-continuous hidden Markov models with full parameter

tying 1. ithout the library, students in the previous year had been

limited to only implementing simple discrete hidden Markov models, in large
part due to the complexities of implementing and validating scaling.

The remainder of our report is organized as follows. Section 2 provides a detailed
speci cation for the library. Section concludes with a discussion of
related issues, including proposed extensions to the IEEE 754 floating point
standard and timing information for our current implementation on a
range of modern unix workstations. The appendix contains a user s guide and
a complete implementation of the library, along with a comprehensive test
suite and benchmark program.

el atio

The library consists of a small set of operations along with a some modest
requirements on the data type implementation. The library provides
operations to coerce types, to compare values, and to perform arithmetic. Each
operation is available in two forms, one de ned on ob ects and the other
de ned on pointers to ob ects.

The following primitive operations are de ned directly on ob ects of type

Initial probability values are created by the , ,
and procedures. and convert
between probability values represented as double-precision floating point num-
bers and those represented as . and convert
between probability values represented as negative log likelihoods in base

(ie., codelengths) and those represented as . Similarly, and



convert between probability values represented as negative log
likelihoods in base 2 (ie., binary codelengths) and those represented as

or user convenience, we also provide constructors and
for the distinguished probability values of zero and unity, respectively.
returns the smallest possible mantissa increment, with zero exponent. Note that

is signi cantly greater than the smallest non-zero value.
The and predicates return i their argu-
ments are exactly equal to zero and unity, respectively. returns
i its argument falls in the closed interval 1 , for a user-
supplied parameter. This predicate is particularly useful in catching

incorrect memory references.



returns a negative quantity if  isless than , a positive quan-
tity if is greater than | and zero if they are approximately equal, as de-
termined by the user-supplied argument. is
equivalent to , except that equality must be exact. These two pro-
cedures may be implemented as macros. returns the absolute
value of the di erence between its two arguments.

The following procedures implement the standard binary arithmetic operations
of addition, multiplication, and division for ob ects of type

The procedure returns the result of raising the  argument to the
power. A domain error occurs if and . In udicious use of this
procedure can easily give rise to floating point exceptions.



In addition to the primitive operations speci ed above, we provide an equivalent
set of pointer-based operations, that are passed the memory locations of their
arguments and store their return values at a caller-supplied memory location.
These operations are provided to support efficient manipulation of probability
vectors. They may be implemented as macros.

and are equivalent to the basic
and , respectively.
places the magnitude of the di erence between its rst and second arguments
in the location speci ed by the third argument, and returns the sign of their
di erence.

The functions , , and al-
ways read their arguments from locations and and place their result
in location . It is safe to use either or as an accumulator, as
in

raises the probability located at address to the power

and stores the result in location



The following two procedures print the value of a ob ect in the format
to remind the reader that the exponent radix is 2 (ie., inary).



In our introduction, we stated that probability values lie in the interval 1. In
practice a somewhat larger range is required because accumulated round o error
may result in probability values that exceed unity. Therefore, implementations
of the data type must be prepared to deal with values somewhat larger
than unity. iven a vector of probabilities that should sum to unity, we may
wish to normalize it by rst computing its actual sum, and then reducing or
increasing some elements of the vector to bring its sum closer to unity.

In addition, statistical computations often must accumulate the expectations of
events, in order to reestimate parameter values using expectation maximization.
Accordingly, if the type implementation is able to represent values in the
interval , ), then ob ects of type may be used to accumulate parameter
expectations in the expectation maximization computation. (These are the
gamma values of aum- elch reestimation.)

A third requirement on the type implementation is that the type should
appear as much as possible like the other numerical types in C. In particu-
lar, it must be possible to copy ob ects using the standard assignment
operator, to pass ob ects by value or reference, and to automatically allo-
cate/deallocate space for ob ects of type on the stack.

o luio

e conclude by proposing an extension to the IEEE 754 floating point standard,
to better support statistical computation. e also provide execution timings
for our current implementation of the library across a range of modern
unix workstations. The appendix contains a user s guide along with all source
code.

It is unfortunate that the IEEE 754 floating point standard  does not address
the need for an extended exponent range. The standard pro-
vides for 14 bit exponents but falls far short of the requirements imposed by
statistical computation.

e therefore make the following two concrete proposals to amend the IEEE-754
floating point standard:

1. Implement a 4-bit format in which both signi cand
and exponent are allocated 2 bits.



2. Implement a 12 -bit format consisting of 1 sign bit, a
mode bit, 1 / 2 exponent bits, and, 11 /94 signi cand bits. The mode
bit selects one of two formats. An PU s internal structure then supports
2 bit exponents and 11 bit signi cands 142 bits in all. The conversion
to 12 bits takes place as part of the load/store of a value.

A side e ect of this proposal is that it is in general no longer possible
to sort values as integers a property en oyed by current formats.
To address this concern, we suggest that a machine mode exist to force
either a 1 or a 2 bit exponent memory representation. This allows
instrument makers (and other interested parties) to support only one of
these forms, sort them as integers, and yet produce data which may be
directly processed by general purpose computers.

ew machines have implemented the current standard s extended type.

e suspect that this is the case in part because additional precision be-
yond that provided by is important in very few applications. In
contrast, additional exponent range is clearly bene cial to the increas-
ingly important area of stochastic modeling. Nevertheless some applica-
tions would bene t from added precision, and it is for this reason that we
advocate a two mode data format.

Either of these choices would alleviate the need for our implementation of the
abstraction.

Implementing the 4-bit is the better of the two options since
most stochastic modeling applications do not require great precision. ut there
is perhaps a greater chance to influence the design of a 12 -bit standard since
none yet exists.

The efficiency of our implementation across di erent compilers and machine
architectures is documented in the following table. or each machine, we provide
the internal clock rate of the CPU.

The values shown represent seconds of user CPU time to perform 1

addition operations. These results were obtained via the executable

described below, with compiled with the option to remove all
statements. or each compiler, we chose the optimization level and

compiler options that gave the best results when using the archive.

nearly always produced faster executables than the manufacturer s

native compiler.

The b column shows the time required to perform 1 , additions using
double-precision floating point numbers.



ac r| b tr c

EC /7 ,225MHz  gee -O4 2 221 252 419 1.4
HP 755,1 Mhz gee -04 41 2.75 4.7 9.55 . 4
S TR44 ,15 MHz gee -04 . 2 4.9 4 5.

S IR4 ,1 MHz gee -04 91 492 7.2 125 5 .4
Sun SS2 / 1, MHz gee -04 .52 . 5.71  9.25  42.
Sun SS1 /5 ,5 MHz gee -04 .5 4.7 5.9 952 49

eitek Sparc2, MHz gee -04 77 4.95 402 . 1.55
Sun Sparc2, 4 MHz gee -04 2. 1 .54 17.1 27 14 74
Intel P9 , 9 Mhz cc -0 2. 4.5 5.9 9.2 1.2

Table 1: Seconds of user CPU time required to perform 1 addition
operations in the following ve implementations: double-precision floating-point
numbers inline implementation of pointer form func-
tional form and logarithmic representation.

The column shows the result of moving inline so that function

calling overhead is eliminated. This represents the performance that might be
expected from a macro implementation.

The tr column shows the timing results obtained using the mu-

tator, which is passed the memory addresses of its arguments and the address of

the return value. ocusing on our fastest (and newest) machine, the EC Alpha

AP /7 , we see that is 9 times slower than the

additions. The .2 second time for the latter correspondsto M  OPS while
clocksin at 4 M OPS.

The ¢ column shows the result of using the side-e ect-free functional
form, which is passed two ob ects (not pointers) and returns an ob ect of
the same type.

The column shows the result for a straightforward implementation of addi-
tion for probability values in the logarithmic representation.

These timing results motivated us to support the pointer-based

form in addition to the functional form as a reasonable compromise
between the faster (but less safe) macro approach, and the slightly slower but
more modular functional design.

The library source code is freely available at cs.princeton.edu:/pub/packages/pr.tar.gz
via anonymous ftp. e sure to transfer this le in binary mode. You will need
and to unpack the distribution.
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Our implementation provides a test suite and a benchmark
along with a header le and source code . To compile the code and
create a archive:
1. Set the environment variables , , , ,and in order
to specify the target machine architecture and compiler. One way to do
this is to after creating the appropriate shell

script (see section  below).

2. Execute

Once the programs are compiled, the test suite and benchmark programs are
run as follows:

The user should note that the source code contains a large number of
statements to ensure correctness and to detect possible caller errors.
Once the user is con dent of the correctness of his code, we strongly advise

that the archive be recompiled with the option in order
to remove the statements. Removing the statements will
nearly halve the execution time of the arithmetic operations. In our current
environment, this is accomplished using the option.
aele
e achieve portability across di erent platforms using in con unction with

the following ve environment variables.

contains the current machine architecture, eg., one of , ,
, Or at our site.
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contains the command and command-line arguments necessary for a
safe compilation (no optimization, create symbol table for debugging) on
the current machine architecture.

contains the command and command line arguments necessary for an
safe compilation (maximal optimization, to eliminate
and no symbol table).

contains the command and command line arguments necessary to create
an executable by loading a set of ob ect les.

contains the command necessary to convert an archive into a
random-access archive.

The following shell script was used to set these environment variables during
all 1994.

12






Our contains targets for safe and unsafe , along with the
test suite and the benchmark.
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Our implementation consists of three parts. irstly, we provide a concrete im-
plementation of the type. Secondly, we implement the actual opera-
tions. Thirdly, we implement a comprehensive test suite. inally, we implement
a comprehensive benchmark in order to compare the performance of
operations, the pointer-based arithmetic operations, and the basic arithmetic
operations without pointers.

e have considered the following four implementations of the data type.

1. Probabilities are represented straightforwardly as double precision floating
point numbers. Addition is by floating point addition, multiplication is by
floating point multiplication. Of course in this case the exponent range is
not extended at all.

2. Probabilities are represented as their natural logarithms, using double
precision floating point numbers. Addition is by exponentiation of the
addend and augend, followed by floating point addition and natural loga-
rithm. Multiplication is by floating point addition. A ma or flaw with this
implementation is that floating point exponentiation is extremely slow. It
should be noted however that this option would be the most attractive
if special purpose hardware to compute double precision T values were
available (see next item).

. Probabilities are represented as integral logarithms. The integers may be
2 bits or 4 bits, depending on the machine. Multiplication is by xed
point addition. Addition of probabilities is performed using a lookup
table as follows 5. iven two probabilities in logarithmic representation,

log () and log ( ), such that , we calculate log ( ) as

log (log log ) using the lookup table de ned as ()

log (1 yif () 5, otherwise () . ( or 2-bit integers and
1 11 1, () 9941122 14.) In this implementation,

would require two xed point additions, two comparisons, and
one table lookup in this implementation. In order to t the lookup table
in cache, the table may be further compacted using interpolation. A
ma or flaw with this implementation is that 2-bit probability values with
enough range to be generally useful must also lack the high precision and
high speed that we can easily obtain using the IEEE double precision
hardware in most systems.



4. Probabilities are represented by a pair of numbers: a floating point number
for the signi cand and a xed point number for the exponent. or the
signi cand, we may use either a or a . The former choice will
give us improved time and space performance, particularly on a machine
with 4-bit data paths, while the latter choice will give us greater precision.

e choose the fourth method with maximal precision and the following type
implementation results.

17



This is a floating point format supporting a huge exponent range.  hen used for
expectation maximization, overflow will be avoided provided that the number
of observations , times log ( ), remains smaller than this limit ( denotes
the smallest parameter in the model). On machines with 2 bit integers, and
assuming that the model s parameters lie within the range of a , expec-
tation maximization may be performed on sequences containing over
observations without underflow. If the model s parameters are additionally con-
strained after each reestimation to fall in a smaller range, say no smaller than

, then sequences containing up to 2 observations may be pro-
cessed. Notice also that our type implementation supports values in the interval

), and so the library does not have the beyond unity problem dis-
cussed above.

An arithmetic operation on the type will in general consist of a xed point
operation on the exponent and a floating point operation on the signi cand. or
this reason our implementation is particularly well-suited to today s superscalar
architectures, which are able to simultaneously dispatch xed and floating point
instructions.

The following constants are provided in the implementation.

exponent radix

open upper bound on number of bits in mantissa
closed lower bound on value of balanced mantissa
open upper bound on value of balanced mantissa

et Dbe an ob ect of type . Then represents the real number
2 for radix 2. In order to maintain precision, we will attempt to keep the
signi cand in the interval 5 1) (assuming a radix of 2). The
and constants store the lower and upper bounds of this interval.

These constants are currently implemented as follows.

The following predicate returns i its argument satis es the implementation-
speci ¢ constraint that the signi cand falls within the interval 5 1), or the ex-
ponent is the smallest representable value. Note that it is not possible to balance
the signi cand for extremely small probability values, and so

returns i either the argument is balanced or it is not possible to further
balance the argument.
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